We explicitly construct the eight fermion zero mode solutions for the HofmanMaldacena giant magnon. The solutions are naturally gauge fixed under the κ-symmetry. Substituting the solutions back into the Lagrangian leads to a simple expression that can be quantized directly. We also show how to construct the SU (2|2) × SU (2|2) superalgebra from these zero modes. For completeness we also find the four bosonic zero mode solutions.
Introduction
There has been much recent progress in our understanding of planar N = 4 gauge theories and its relation to string theory on an AdS 5 × S 5 background [1, 2, 3] . The pivotal consideration is that the theory has all appearances of being integrable [4, 5, 6] . Based on this, Staudacher has advocated that the key to solving the problem is not necessarily to find the full dilatation operator, but instead to concentrate on the Smatrix for magnon scattering on very long operators [7] .
Subsequently, Beisert showed, assuming integrability, that the S-matrix is completely determined by the SU(2|2) × SU(2|2) symmetries, up to an overall phase [8, 9] . Following this Janik argued that given an involution, which is the analog of crossing symmetry in a relativistic theory, the phase factor would satisfy a deceptively simple looking equation [10] . Then in a series of papers, Janik's equation was essentially solved [11, 12, 13] , where the solutions were shown to be consistent with the known behavior at both strong and weak coupling. In particular, Beisert, Eden and Staudacher [13] showed that a solution consistent with the recent four loop field theory computation in [14] appeared to be consistent with the phase factor found from string theory [15, 16] . Further confirmation was given in [17] , where the authors were even able to predict the two-loop sigma model correction to the S-matrix.
Beisert's analysis showed that the dispersion relation for the magnon is consistent with the form
where 2) and p is the momentum on the world-sheet for the magnon. For finite p, Hofman and Maldacena explicitly constructed a classical string configuration for which they gave convincing evidence that this was indeed the extension to finite p of the elementary magnon [18] . These so-called giant magnons have a classical energy which is given by ǫ = 4g sin
, where they argued that the world-sheet momentum is related to the stretching of the string on S 2 , with the maximum value of p = π corresponding to a string stretched over the north pole of the sphere and with its ends on the equator. The results in [18] were further generalized to other configurations corresponding to other nonzero R-charges [19, 20, 21, 22, 23, 24, 25, 26, 27, 28] .
The Hofman-Maldacena giant magnon is a BPS state, and as such, it should be part of a 16 dimensional short multiplet of SU(2|2) × SU(2|2). In terms of the four SU(2) factors, the representation is (2, 2, 2, 2). Hofman and Maldacena argued that it would be possible to reproduce this representation if the giant magnon has eight fermion zero modes.
In this paper we will explicitly construct these zero modes from the fermion fluctuation piece of the Green-Schwarz action in the presence of a background giant magnon.
The zero mode solutions turn out to have many simplifications and they can be naturally gauge fixed under the kappa symmetry. After quantizing these modes, one can then construct the generators of the SU(2|2) × SU(2|2) subgroup of the full superalgebra.
In section 2 we find the fermion zero mode solutions and from these construct the fermionic generators of the SU(2|2)×SU(2|2) generators. In section 3 for completeness we also construct the four bosonic zero modes for the giant magnon. In section 4 we present our conclusions as well as some topics for further study.
Fermion zero modes
In this section we explicitly construct the fermion zero mode solutions for the HofmanMaldacena giant magnon. We will work in conformal gauge. In this case, one finds that the angles on S 2 for the giant magnon solution are given by [18] 
where
and v is the velocity of the magnon on the world-sheet. In terms of the magnon momentum this is v = cos
It is sometimes convenient to write expressions in terms of θ instead of explicit functions of x. We also introduce a timelike coordinate ξ, given by 4) such that ξ and x appear as the boosted variables in the rest frame of the giant magnon. The action for the fermionic fluctuations about a classical string solution is given by [29] S F = 2g dtdσL F , (2.5)
and the Lagrangian L F has the form
where I, J = 1, 2, s IJ = diag(1, −1), ρ a are projections of the ten-dimensional Dirac matrices and X µ are the coordinates of the AdS 5 space for µ = 0, 1, 2, 3, 4 and the coordinates of S 5 for µ = φ, θ, 7, 8, 9. The covariant derivative is given by
In the case of the magnon, one finds that
The equations of motion derived from (2.6) are
If we change variables to ξ and x in (2.9), then we can reexpress the equations of motion as
It is now straightforward to verify that
We can then define new Dirac fields
Moreover, there are another set of nilpotent operators
14)
If we subtract the first set of nilpotent operators from the second and divide by 2, we are left with the nonsingular operatorρ 0 − ρ 0 whose square is
So ρ 0 ± ρ 1 have precisely 8 zero eigenvalues and we can treat the Ψ i as the fields fixed under κ-symmetry. We can then write (2.10) as
where we used the fact that
Using the relation in (2.15), we can substitute the second equation into the first, and after some further manipulation where we use the relation
we get for the zero modes the compact expression
The solutions of this equation are solutions to either
but it turns out that only the solutions to (2.20) are normalizable. Because of (2.13), (2.20) can also be written as
In other words, we can first find the solutions to (2.20) assuming that there is no projection and then fix the κ-symmetry by projecting at the very end.
If we let
where U ± is constant in x and Γ φθ U ± = ±i U ± . The phase e iχ is given by 23) and the prefactor
has been put in for later convenience. Since the spinors are Majoranna-Weyl, we require that U − = U + * . The projection then gives
Writing this expression in terms of the Majoranna-Weyl spinor U =
Using (2.24), (2.16) and (2.20), we find that Ψ 2 is
where the phase e iχ is given by
In terms of U this becomes
Let us now substitute these zero mode solutions back into the Lagrangian, where we assume that U can depend on ξ. We then find
where we used the relations
If we now substitute (2.25) and (2.28) into (2.29), we find the remarkable simplification
Integrating L F,0 over x then gives the zero mode action
Clearly, only those modes in U which satisfy the light-cone condition (Γ 0 −Γ φ ) U = 0 contribute. Since (Γ 0 − Γ φ ) is null with maximal rank, this means that there are 8 real zero modes. It is convenient to write U in terms of the SU(2|2) × SU(2|2) representations preserved by the light cone condition. To this end, we can define the bispinor components U αa , Uαȧ where the α andα spinor indices correspond to the SO(4) ≃ SU(2) × SU(2) isometry group in the transverse part of AdS 5 and the a anḋ a spinor indices correspond to the SO(4) isometry group in the transverse piece of S 5 . Quantization of these modes leads to the anti-commutators
Hence, the bispinor states built from these zero modes are the bosonic states |Y aȧ and |Z αα and the fermionic states |Ψ αȧ and |Υ aα . As was argued by Beisert, these states fall into the 16 dimensional representation of SU(2|2) ×SU(2|2), where the states transform under the 4 dimensional short multiplet for each SU(2|2) [8, 9] . Furthermore, the SU(2|2) × SU(2|2) superalgebra with central extension can be derived from light cone string theory with the level matching condition relaxed [30] . It is thus of interest to see how the superalgebra arises from the zero modes.
The SU(2|2) superalgebra has the six bosonic generators R ab and L αβ and the eight fermionic generators Q αa and S aα . The anticommutators of the fermionic generators are
C, P and K are central charges. The smallest nontrivial representation of SU(2|2) is 4 dimensional, with two bosonic and two fermionic states. Consistency of the algebra requires that the central charges for this representation satisfy the shortening condition
The states in the representation are |φ a and |ψ α and the action of the fermionic generators on these states is 36) where ad − bc = 1. The superalgebra in (2.34) is also invariant under the SL(2) outer automorphism [18, 9] 
The central charge C is half the energy of the magnon [8] and is given by
The other central charges are
where for a single magnon ζ is an otherwise undetermined parameter which can be removed by a rescaling 2 . The SL(2) outer automorphisms will transform these charges while maintaining the relation in (2.35).
To write the generators Q αa and S aα in terms of U aα we need four other generators. There are such generators with the correct index structure, namely (−1) F U aα , where F refers to fermion number for the undotted indices, that is, (−1)
The dotted indices have their own fermion number operator,Ḟ ). The identification of Q αa and S aα with U aα is basis dependence. A symmetric identification is
2 If more than one magnon is present then for the i th magnon [8] ,
where ζ 0 is a common factor for all magnons reproduces the algebra in (2.34). The generators for the other SU(2|2) can be constructed from Uȧα in an analogous fashion. From the anticommutation relations in (2.33) we have that the action of U aα on the states is
Then using (2.36), (2.40) and (2.41), we find
However, we could also choose the basis
However, no matter the basis, we would always find
In the giant magnon regime, where
<< 1, we see that
In the Metsaev-Tseytlin regime where
>> 1, the relation between the generators is approximately
Bosonic zero modes
In this section we consider the bosonic zero modes for the giant magnon. The zero modes are of two types. The first corresponds to the broken SO(4) symmetry that arises when choosing a direction for the S 2 . The SO(4) isometry is broken to SO(3), so we should expect 3 zero modes of this type. There is also a zero mode due to the broken translation symmetry along the x direction. This zero mode can be found by mapping the corresponding zero mode in the sine-Gordon model back to the principle chiral model.
To find the zero modes corresponding to the broken SO(4) symmetry, let us consider the target space coordinates for the S 5 in terms of the 6-dimensional vector n, satisfying the constraint n · n = 1. The bosonic action in conformal gauge is given by
The giant magnon solution has n 4 = n 5 = n 6 = 0, while the polar angles of the remaining S 2 are identified with θ and φ. Solving for the Lagrange multiplier Λ gives
which for the giant magnon gives
If we now consider the bosonic fluctuations about this solution, let us call Y the fluctuations along the 4, 5 and 6 directions and N the fluctuations along the 1, 2 and 3 directions. Expanding to quadratic order in Y and N , we find
where Λ is given in (3.3) and N satisfies
where n GM is the giant magnon solution. This last condition ends up coupling the different components of N. Zero-mode solutions for Y satisfy the equation 6) which has the three independent solutions Y = sech x Y 0 where Y 0 is independent of x and has components in directions 4, 5 and 6. These are the solutions that arise from the broken SO(4) isometry and correspond to the freedom of choosing a transverse direction for the giant magnon. The presence of these solutions also means that there are canonical momenta that commute with the Hamiltonian (although not with each other), so there should be giant magnon solutions with different values for this momenta. These correspond to the magnons with a nonzero second R-charge, Q, discussed by Dorey. The fermion zero modes are still present, so this means that these magnons will also have 8 bosonic and 8 fermionic states, and so there will be 16Q 2 states in the full representation, as recently discussed in [31] . The zero mode coming from the broken translation symmetry is contained in N . One way to obtain this is to map the principle chiral model to the sine-Gordon theory, find the zero mode in sine-Gordon, and then map back to the principle chiral model. The identification of the principle chiral model with the sine-Gordon theory has [32, 33, 34] 
where n = n GM + N. The identification also requires the constraint equations
The soliton solution for sine-Gordon is Φ = arccos tanh x (3.9) and the zero-mode solution is δΦ = sech x , (3.10) which is easily found by shifting x in (3.9). Converting this back to the principle chiral model, one finds that this zero mode has the relatively simple form
Conclusions
In this paper we constructed the fermionic and bosonic zero modes for the HofmanMaldacena giant magnon. For the fermionic modes we explicitly constructed 8 zero modes and the solutions can be naturally fixed under kappa symmetry. The final solutions are remarkably simple. We also showed how to construct the generators for each SU(2|2) superalgebra from the zero modes. It would be of interest to find the fluctuation spectrum for the nonzero modes. In this case the ξ derivatives are no longer zero and this modifies the equation in (2.18) to 1 tanh
We have not yet succeeded in finding solutions for this equation for nonzero ∂ ξ Ψ 1 . Another interesting direction concerns the higher order terms for the fluctuations. The Green-Schwarz action normally has quartic terms in the world sheet action, even if the target space is flat ten dimensional space. However, for flat space these higher order terms go away after fixing the kappa symmetry. For the AdS 5 × S 5 background one can choose the gauge such there are at most quartic terms [29, 35, 36] 3 . We believe that many of these terms will also be zero, at least for the zero modes. However, it is not yet clear that all such terms will be removed.
Ultimately, we would like to find the exact quantization of the Green-Schwarz string in the AdS 5 × S 5 background. The classical integrability of the string theory [37] , the underlying superalgebra [8, 9] and the recent progress in [13] hints that a full quantization can be obtained. We believe that the results for the Hofman-Maldacena zero-modes indicate that vast simplifications could occur that will allow one to make further advances in this direction.
